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Abstract 
We show that any light map f : X + Y between compact spaces admits a decomposition 
f = gh, where g : 2 + Y is a finite-to-one map of a special type and h : X + 2 has arbitrarily 
small fibers. It follows that light maps between compact spaces do not lower extensional dimension. 
Our theorem yields a positive answer to Problem 423 from “Open Problems in Topology”. We also 
generalize Hurewicz’ theorem on dimension-raising maps to the case of extensional dimension. 
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1. Introduction 
Kuratowski’s notation XTY stands for the following property: every map f : A + Y, 
defined on a closed subspace A of X, has a continuous extension f : X + Y. According 
to Alexandrov’s theorem, dimension can be characterized in terms of extension of maps 
to spheres: for a normal space X the condition dimX < n is equivalent to XrS”, 
where 5’” is the n-dimensional sphere. If XrY, we say that the extensional dimension 
of X does not exceed Y and write e-dim(X) < Y. Thus dimX < n if and only if 
* Corresponding author. E-mail: dranish@math.ufl.edu. 
’ The author was partially supported by NSF grant DMS-9500875. 
’ E-mail: vvu@uspensky.ras.ru. 
0166-8641/97/$17.00 0 1997 Elsevier Science B.V. All rights reserved 
PIISOl66-8641(96)00164-2 
92 A.N. Dranishnikov, KV Uspenskij / Topology and its Applications 80 (1997) 91-99 
e-dim(X) 6 S”. Replacing S” by other CW-complexes, one can develop a useful theory 
of extensional dimension which generalizes the usual dimension theory, see, e.g., [2,3]. 
Let us write e-dim(X) 6 e-dim(Y) if for every CW-complex K (or, equivalently, every 
metric ANR-space K) the implication e-dim(Y) < K =+ e-dim(X) < K holds. In the 
present paper we consider generalizations of Hurewicz’ theorems on dimension-lowering 
and dimension-raising maps to the case of the extensional dimension. 
We confine ourselves to the case of compact spaces. Let f : X -+ Y be an onto map 
between compact spaces. If for some integer lc all point-inverses of f have dimension 
6 k, then dimX 6 dimY + k [4, Theorem 3.3.101. In particular, if f is a light map 
(this means that all point-inverses of f are zero-dimensional), then dim X < dim Y. We 
show that a similar inequality holds for extensional dimension. Actually we prove more: 
if f : X --+ Y is a light map between compact spaces, then X can be obtained from Y 
by some simple operations which do not raise the extensional dimension. 
Let P be a class of compact spaces. A compact space X is P-like if for every open 
cover w of X there exists an w-map of X onto a space Y E P. Recall that f : X + Y is 
an w-map if there is an open cover y of Y such that the cover {,f-’ (U): U E y} of X 
refines w. A map f : X -+ Y between compact spaces is an w-map if and only if every 
point-inverse f-'(y) is contained in an element of w. 
Definition 1.1. A class P of compact spaces is D-closed if it satisfies the following 
three conditions: 
(1) P is hereditary: if X E P, then all closed subspaces of X are in P; 
(2) P closed under countable unions; 
(3) every P-like compact space is in P. 
For a compact space X let D(X) be the least D-closed class containing X. 
If K is a CW-complex (or a metric ANR), then the class P, of all compact spaces 
X with e-dim(X) < K is D-closed (see Section 2). Hence if X, Y are compact and 
X E D(Y), then e-dim(X) 6 e-dim(Y). 
Theorem 1.2. Zf f :X + Y is a light map between compact spaces, then X E V(Y) 
and hence e-dim(X) 6 e-dim(Y). 
Our proof is based on the following observation: every light map f : X 4 Y can be 
represented as the composition f = gh, where h : X --+ 2 has small fibers and g : 2 + X 
is what we call a branched covering. Such maps are defined as follows: 
Definition 1.3. A map f : X + Y between compact spaces is a branched covering if X 
can be covered by finitely many closed sets Fi, . . , F, such that the restriction of f to 
each Fi is one-to-one, i = 1, . . . , n. 
Theorem 1.4. Let f : X 4 Y be a light map between compact spaces, and let w be 
an open cover of X. There exist an onto w-map h : X + Z and a branched covering 
g:Z-+Ysuchthatf =gh. 
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Theorem 1.2 follows from Theorem 1.4. Indeed, if Z -+ Y is a branched covering, 
then Z E 2)(Y). If f : X -+ Y is a light map between compact spaces, then Theorem 1.4 
implies that X is D(Y)-like and hence belongs to a(Y). 
Theorem 1.4 solves Problem 423 from [5]. The problem reads as follows: 
Let f : X --f Y be a continuous map of a compactum X onto a compactum Y with 
dim f’(y) = Of or all y E Y. Does there exist a nontrivial continuousfunction u : X -+ I 
into the unit interval such that u[f+(y)] IS zero-dimensional for all y E Y? 
The word “nontrivial” apparently means that not all the sets ~[f+(y)] be singletons. 
Assume that f is not a homeomorphism. Let w be any open cover of X such that f is not 
an w-map. Let ,f = gh be a decomposition provided by Theorem 1.2. Then the finite-to- 
one map g : Z + Y is not a homeomorphism, since h : X ---f Z is an w-map but f is not. 
Let v : Z + I be any function which is not constant on g-’ (y) for some y E Y. Then the 
function ‘u. = vh: X + I is as required. Indeed, uf-‘(y) = vhh-‘g-‘(y) = wg-‘(y) 
for every y E Y, hence the subsets if-‘(y) of the interval I are all finite and not all of 
them are singletons. 
For compact metric spaces we get the following corollary of Theorem 1.4 (which is 
actually equivalent to the theorem): 
Corollary 1.5. Every light map f : X -+ Y between compact metric spaces is homeo- 
morphic to the limit projection of an inverse sequence 
Y = XrJ CX’C... +- X = limX, 
of compact metric spaces such that all bonding maps Xn+’ + X, are branched cover- 
ings. 
Let f : X + Y be an onto map between compact spaces. If all point-inverses of f 
have cardinality < k + 1, then dimY < dimX + k [4, Theorem 3.3.71. The conclusion 
of this theorem can be rewritten in the form dimY < dim(X x Ik), where I = [0, 11, 
since dim(X x I) = dimX + 1 for every compact X. In this form the theorem can be 
generalized to the case of extensional dimension: 
Theorem 1.6 (on dimension-raising mappings). Zf f : X -+ Y is an onto map between 
compact metric spaces and k is an integer such that (f -’ (y) ( 6 k + 1 for every y E Y, 
then e-dim(Y) < e-dim(X x I”). 
It is not clear if Theorem 1.6 holds for nonmetrizable compact spaces. On the other 
hand, had we defined the relation e-dim(X) < e-dim(Y) using only countable CW- 
complexes (or separable metric ANRs), then Theorem 1.6 would have held true also in 
the nonmetrizable case. 
Let PK be, as above, the class of all compact spaces X with e-dim(X) 6 K, where K 
is a CW-complex. This class, besides being D-closed, is closed under one more operation: 
if f : X + Y is a hereditary shape equivalence and X E PK, then Y E PK. Recall 
that a map f : X -+ Y is a shape equivalence if for any metric ANR Z the induced 
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map f* : [Y, Z] + [X, Z] of homotopy classes is bijective, and f is a hereditary shape 
equivalence if for every closed subspace A c Y the restriction f : f-’ A + A is a shape 
equivalence. Thus Theorem 1.7 below strengthens Theorem 1.6. 
Theorem 1.7. If f : X 4 Y is an onto map between compuct metric spaces and k 
is an integer such that If-‘(y)] 6 k + 1 for every y E Y, then there exist a space 
Z E 2)(X x I”) and a hereditary shape equivalence g : Z + Y. 
Recall that D(Y x I”) is the D-closed class generated by Y x I” (Definition 1.1). 
Let f : X --t Y be a map between compact spaces such that dim f-’ (y) < Ic for every 
y E Y. We have already cited Hurewicz’ theorem stating that in this case dim X < 
dimY + k. It is natural to ask if the stronger conclusion that e-dimX < e-dim(Y x rk) 
holds. We can prove this under the assumption that Y is finite-dimensional, but we do not 
know the answer in the general case. This question will be discussed in another paper. 
Section 2 contains a discussion of the properties of the extensional dimension men- 
tioned above. Our main results are proved in Section 3. 
2. Basic properties of extensional dimension 
In this section we sketch the proof of the fact that for every CW-complex K the 
class PK of all compact spaces X with e-dim(X) < K is D-closed in the sense of 
Definition 1 .l and closed under hereditary shape equivalences. We also observe that 
maps with convex fibers (Definition 2.2) are hereditary shape equivalences. Our proof of 
Theorem 1.7 is based on this fact. 
To prove that P, is closed under countable unions, one can repeat the usual proof 
of the countable sum theorem for the covering dimension which uses maps to spheres. 
Suppose X is compact and X = U,“=, F,, where Fi E PK and each Fi is closed 
in X. Given a map f : A -+ K, where A is closed in X, one can define inductively 
extensions fn of f defined on a closed neighbourhood of A U Fo U . U F, and thus 
get an extension of f over X. Here we use the fact that every CW-complex K has the 
absolute neighbourhood extension property with respect to the class of compact spaces: 
every map f : A ---f K, defined on a closed subspace A of a compact space X, can be 
extended over a neighbourhood of A. 
We denote by [X, K] the set of homotopy classes of maps from X to K. According 
to Borsuk’s homotopy extension theorem, for every closed subset A c X the property 
of a map f : A + K to be extendable over X depends only on the homotopy class of 
f. Thus a compact space X is in P, if and only if for every closed A c X the natural 
map [X, K] -+ [A, K] is onto. To prove that every PK-like space is in PK, we need a 
lemma. 
Lemma 2.1. Let X be paracompact, and let T be a space having the homotopy type of 
a CW-complex. For every homotopy class [f] E [X, T] there exists an open cover w of 
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X with the following property: for any w-map p : X + Y onto a paracompact space Y 
the range of the induced map p* : [Y, T] + [X. T] contains [f]. 
Proof. The homotopy types represented by CW-complexes are the same as the homotopy 
types represented by open subsets of normed linear spaces, so we may assume that 7’ is 
an open subset of a normed linear space L. Let X be a cover of T by open balls, and 
let LL? be an open star-refinement of the cover {f-’ (V): V E X} of X. We check that 
w is as required. Let p: X + Y be an w-map onto a paracompact space Y. Let y be a 
locally finite open cover of Y such that the cover {p-‘(U): U E y} of X refines w. Let 
{a~: U E r} be a part’t’ 1 ion of unity subordinated to y. For every U E y pick a point 
cu E f@‘(U)) c T, and define g: Y + L by g(y) = CUE7 au(y) . CU. We claim 
that for every .7’ E X there exists a ball V E X such that f(z) and g@(z)) both belong 
to V. Indeed, let V E X be such that St(z!W) = U{lI’ E w: z E IV} c f-‘(V). Then 
f(z) E V. Let y = p(z). If y E U and U E y, then p-‘(U) contains z and is contained 
in an element of w, hence p-‘(U) c St( zw) c f-‘(V) and CT; E f@‘(U)) c V. 
Thus g(y) is a convex combination of points of V and hence itself belongs to V. We have 
proved that the line segment [f(z),g(p(z))] 1 ies in V and hence also in T. It follows 
that g(Y) c T and that the maps f and g o p are homotopic as maps from X to T. In 
other words, the map p” : [Y? T] + [X. T] sends [g] to [f]. •I 
We now prove that every P,-like space is in PK. Let X be a compact ‘PK-like space, 
and let f : A + K be a map defined on a closed subset A of X. According to Lemma 2.1, 
if w’ is a sufficiently fine open cover of X and p: X + Y is an w-map onto a space 
Y E PK. there exists a map g : p(A) + K such that g o plA : A -+ K is homotopic to 
f. Since Y E PK, the map g extends over Y. It follows that g o pJA : A + K extends 
over X, and the same is true for f. 
Assume that p : Y + X is a hereditary shape equivalence and that Y E PK. To prove 
that X E PK, it suffices to show that for every closed A c X the map [X, K] + [A, K] 
between the sets of homotopy classes induced by the inclusion A + X is onto. In the 
commutative diagram 
[X, K] h [A> Kl 
I I 
[Y. K] - k-‘(A)>Kl 
the vertical arrows are bijective since p is a hereditary shape equivalence, and the map 
[Y> K] + b-‘(il), K] is onto since Y E PK. It follows that the map [X, K] + [A, K] 
is also onto. 
We now introduce the class of maps with convex fibers and prove that such maps are 
hereditary shape equivalences. 
Definition 2.2. We say that a map S : X + Y between compact spaces is a map with 
convex jibers if there exist a locally convex vector space L and a compact subspace 
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2 c Y x L such that f is homeomorphic to the projection 2 4 Y and the set 2, = 
{x E L: (y,z) E 2) is convex for every y E Y. 
If X is a compact subspace of a locally convex space L and f : X + Y is such that 
f-’ (y) is a convex subset of L for every y E Y, then f is a map with convex fibers in 
the sense of Definition 2.2, since f is homeomorphic to the projection 2 + Y, where 
2 c L x Y is the graph of f. 
Proposition 2.3. Every onto map with convex$bers between compact spaces is a hered- 
itary shape equivalence. 
Proof. Suppose that L is a locally convex space, Y is compact and 2 is a compact sub- 
space of Y x L such that the set 2, = {x E L: (y, X) E Z} is convex and nonempty for 
every y E Y. We prove that the projection f : 2 -+ Y is a hereditary shape equivalence. 
In virtue of Theorem 4.5 of [l] it suffices to prove the following: if U is a family 
of open subsets of Y x L such that for every y E Y the set {y} x Z, is contained 
in an element of U, then there exists a map g : Y --+ Y x L such that the inclusion 
j : Z -+ Y x L is U-homotopic to gf : Z + Y x L. A homotopy H : Z x I + Y x L 
is a U-homotopy if for every z E Z the set H({z} x I) is contained in an element of 
U, and two maps are M-homotopic if they can be connected by a U-homotopy. In [l] all 
spaces are assumed to be metrizable, but this restriction is not necessary in the situation 
that we are considering. 
For every y E Y there exist an open neighbourhood 01 y of y in Y and an open 
neighbourhood V, c L of Z, in L such that 0, y x V, is contained in an element of 
U. For some convex neighbourhood W of zero in L we have Z, + W c I(,. Since 
Z, + W is a convex neighbourhood of Z,, we may assume from the beginning that 
V, is convex. There exists a neighbourhood Ozy of y such that Z, c Vv for every 
u E 02~. Let Oy = 01 y n Ozy, and let y = { Ui , . . . , Un} be a star-refinement of the 
cover {Oy: y E Y} of Y. Let {cyi,. . , a,} be a partition of unity subordinated to the 
cover {Ui,..., U,}.Foreveryi=l,...,npickapointui~Uiandapointvi~Z,~. 
Define a map LY : Y + L by a(y) = cy!, Qi(y)Vi. Let g(y) = (y, a(y)). We check that 
g : Y + Y x L is as required. 
There is an obvious homotopy H : Z x I +YxLbetweengfandj:foru~Y,x~Z, 
and t E I let H((u,z),t) = (u, k(u) + (1 - t)~). We claim that H is a U-homotopy. 
This means that for every u E Y and every 5 E Z, the line segment connecting (u, CC) 
and g(u) in {u} x L is contained in an element of 24. Let T be set of all indices i, 
1 < i < n, for which u E Ui. Since y is a star-refinement of the cover {Oy: y E Y}, 
there exists y E Y such that Vi c Oy for every i E T. Then ui E Oy c O;?y and hence 
vi E Z’,% c V, for every i E T. It follows that Q(U) = x{ai(u)ui: i E T} is a convex 
combination of points of V,. Since V, is convex, we have a(u) E V,. Similarly, we have 
u E Oy and hence z E Z, c V,. Thus the line segment connecting the points o(u) 
and x in L is contained in V,. It follows that the line segment connecting the points 
g(u) = (u, a(u)) and (u, CE) in {u} x L IS contained in Oy x V, and thus in an element 
OfU. 0 
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3. Proofs of the main theorems 
In this section we prove Theorems 1.4 and 1.7. 
If f : X + L and p: Y -+ L are two maps to a space L, the pullback of p by 
f is the projection q: 2 --+ X of the space 2 = {(a~:, y) E X x Y: f(z) = p(y)} 
to X. Observe that branched coverings are preserved by pullbacks: if X, Y, L are 
compact and p is a branched covering, then so is q. Indeed, let g : 2 + Y be the natural 
projection. If F,, . . , F,, are closed sets in Y which cover Y and have the property that 
plF, : Fi + p(F,) is one-to-one, i = 1,. . . ,n, then the sets g-‘(Fl), . . . ,g-‘(F,) cover 
2 and have the property that the restriction of q to each of these sets is one-to-one. 
Proof of Theorem 1.4. For every y E Y there exists a finite disjoint family z+, = 
{V,: y E I’,} of open sets in X such that f-‘(y) c IJ vy and each member of vy is 
contained in a member of w. Let Oy be a neighbourhood of y such that f-’ (Oy) c U I+. 
Let U = {Ucy: Q E A} be a finite open refinement of the cover {Oy: y E Y}. For each 
cy E A pick a point y(o) E Y so that U, c Oy(a). Let {a,: cy E A} be a partition of 
unity subordinated to the cover U. This means that C a, = 1, a, 3 0 and the support 
of ucy is contained in U, for each cy E A. Let a: = u, o f and B, = r,,,, . The support 
of the function a$ is contained in f-’ (Ucl) c f-‘(Oy(a)) and hence is covered by 
the family v~(~) = {VP: p E BO(}. Since this family is disjoint, there exist nonnegative 
functions bp, 113 E B,, such that CYT, = C{bp: ,B E B,} and the support of bo is 
contained in vj. Let B = lJ{Ba: Q E A} and V = {Vj n f-‘(UQ): a E A, p E El,}. 
The family of functions {bp: p E B} is a partition of unity on X subordinated to the 
cover 1/. Let K and L: be the nerves of the covers l4 and V, respectively. In other words, 
K is a simplicial complex with the set of vertices A, and a subset s c A is a simplex 
in K if and only if n{Ua: o E s} # 0. The complex C has the set of vertices B and 
is defined similarly. The partitions of unity {bp} and {a,} give rise to the canonical 
maps KX :X 4 ICI and KY : Y 4 I/Cl, defined by KX(Z) = C{bp(z) p: p E B} and 
KY(Y) = C{%YbU) . (Y: (Y E A}, respectively. Let p: ICI + llcl be the simplicial map 
which sends all vertices in B, to Q. Then the diagram 
X-ICI 
f I 1 P 
~7zy+I 
commutes. Indeed, for every ~7: E X we have 
= c c {b/3(z). a} = c {a;(4 . a> = c {4f(4) .Q> 
CYEA BEBu CYEA CfEA 
= KY (f(4). 
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Since for every Q E A no two vertices in B, are connected by an edge in 13, the 
restriction of p to any simplex of (Lc is one-to-one. Thus p is a branched covering. 
Let g : 2 + Y be the pullback of p by KY. We noted above that branched coverings 
are preserved by pullbacks, so g is a branched covering. There is a map h : X + 2 such 
that f = gh and KX = kh, where k : Z + IL1 is the natural projection. It follows that 
the fibers of h are finer than the fibers of KX. Since the cover U of X refines w, the 
map KX is an w-map, and hence so is h. If h is not onto, replace 2 by h(X) and g by 
its restriction to h(X). 0 
For a compact space X and a positive integer n denote by P,(X) the space of all 
probability measures on X with finite supports of cardinality < 72. We consider X as a 
subspace of P,(X). Let Ak be the k-dimensional simplex 
k 
(to,. ..,t,) E R”f’: c ti=l, t,20, O<i<k 
i=o 
Every measure p in P~+I (X) can be written as p = Cf=, tgri, where (to,. . . , tk) E A, 
and (xa,...,xk) EX ‘+I. Thus we have a natural map of A, x X”+’ onto Pk+l (X). 
Proof of Theorem 1.7. Let n = k + 1. The map f : X + Y has a natural extension 
P,(f) : Pn(X) -+ P,(Y). Let 2 c P,(X) be the inverse image of Y under Pn(f), and 
let g : 2 + Y be the restriction of P,(f) to 2. We prove that 2 E D(X x I”) and that 
g is a hereditary shape equivalence. 
Let p: Ak x X”+’ + P,(X) be the natural map. We prove that there exists a count- 
able family F of closed subsets of Ak x X”+’ such that for every F E .T the restriction 
plF: F 4 p(F) is one-to-one and P,(X) = U{p(F): F E F}. Here we use the as- 
sumption that X is metrizable. Let d be a compatible metric on X. For every equivalence 
relation R on the set (0, . . . , k} and every E > 0 let ER,+ c X”+’ be set of all n-tuples 
(50,. ‘. , Xk) with the following properties: 
(1) if i is R-equivalent to j, then xi = xj ; 
(2) if i is not R-equivalent to j, then d(xi, xj) 2 E. 
Pick an element in each equivalence class of R, and let SR c (0, . . . , k} be the set of 
R-representatives thus obtained. Let AR be the interior of the face of & spanned by 
the the vertices whose numbers are in SR. In other words, 
AR = {(to,. ..,tk)E&: ti>O ifandonlyifiESR}. 
Let d, be the metric on X Ic+’ defined by &((x:i), (!A)) = maxOgi<k d(zi, vi). We 
claim that for every C c ER,~ of d,-diameter < &/2 the restriction of p to the set 
AR x c is one-to-one. Indeed, assume that t-1 = (to,. . , tk, x0,. . . , Xk) and r2 = 
(SO,...rSk,YO,... , yk) are two points in AR x c such that p(rt) = P(Q). The support 
of the measure p(rt) is the set {xi: i E SR}, and the support of the measure P(Q) is 
the set {yi: i E SE}. Thus {xi: i E SR} = {yi: i E SR}. If i,j E SR and i # j, then 
d(zi, zj) 3 E and d(yi, yj) > E, since the points (x0,. . . , zk) and (~0,. . . , yk) are in 
ER,+. On the other hand, we have d(xZ, yi) < c/2, i = 0,. . . , k, since the diameter of 
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C is 6 E/2. It f o 11 ows that xi = yi and hence t, = si for every i E SR. If i $ 5’~ and 
j E SR is R-equivalent to i, then x, = xJ = yJ = ya and ti = st = 0. Thus ri = ~2. 
Let CR,+ = AR x EQ c Ak x X. b+‘. Since AR can be covered by countably many 
compact subsets and ER,+ can be covered by finitely many compact subsets of diameter 
6 ~/2, there exists a countable family FR.E of closed subsets of Ak x X’“+’ such that 
U_FR.E = CR,+ and for eVeI-y F E FR,+ the restriction of p to F is one-to-one. Let 
_F = IJ FR,,, where R runs over the set of all equivalence relations on (0, . . . , k} and E 
runs over the set { l/ : n n = 1,2, . . .}. Since P,(X) is covered by the sets of the form 
~(CR,~), the family _F is as required. 
Let 
T =p-‘(2) 
= {(to,. . , tk, x0,. . , xk) E A, x X”+‘: f(x,,) = f(x,) = . = f(xk)}. 
The space T admits a finite-to-one map onto Ak x X: for example, the map 
(to,. ,tlc,LGo,. . ,Xk) H (to,. ,trc,xo) 
has this property. According to Theorem 1.2, T belongs to the D-closed class 
D(A, x X) = D(X x I”) 
generated by Ak x X. On the other hand, 2 can be covered by countably many closed 
subsets homeomorphic to closed subspaces of T. Indeed, we have 
Z=U{p(TnF): FU}, 
and p(TnF) is homeomorphic to TnF for each F E F’. Hence 2 E D(T) c 27(Xx I”). 
Every fiber g-l(y) is the convex hull of the set f-‘(y) in the linear space M(X) of 
all measures on X. According to the remark after Definition 2.2, the map g : 2 + Y 
is a map with convex fibers (in the sense of Definition 2.2). By Proposition 2.3, g is a 
hereditary shape equivalence. 0 
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